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Abstract

The analysis of spatial patterns is fundamental to understanding ecological processes across geographic
scales. Through an analysis of two simple, one-dimensional stochastic models, we develop a framework for
identifying the scale of processes producing pattern. We show that for some simple model systems spectral
analysis identifies exactly the scale of pattern formation. In other, more complicated systems, autocorrelation
analysis appears to yield greater insight into the scale of the dynamics producing pattern; in these, the relative
importance of processes at different scales can be determined directly from the change in slope of the au-

tocorrelation function.

In general, it is not possible to state which technique will be most useful in the analysis of pattern. Spectral
analysis and autocorrelation analysis represent duals that can be extended and applied to more complex sys-
tems, potentially yielding insight into the nature of awide variety of spatially determined ecological processes.

Introduction

Interest in the issue of ecological scale has grown
dramatically in recent years, in part because of the
increasing availability of large scale images ob-
tained through remote sensing and in part because
of agrowing concern regarding large scale environ-
mental problems (¢.g., Gardner et al. 1987; Krum-
mel et al. 1987; Milne 1988; Levin 1989; Powell
1989; Wiens 1989).

It has long been recognized that the composition
of ecological communities varies over large spatial
scales in response to broad changes in soil structure,
topography, climate, etc. (Whittaker 1975). The
dynamics structuring communities also can vary
over very small spatial scales (e.g., Moloney 1988,
1990). Indeed, patterning and patchiness can be
recognized at virtually every scale of investigation

(Haury et al. 1977; Krummel et al. 1987). Until re-
cently, few analytical techniques have been avail-
able to allow the study of the relationship between
pattern, scale, and ecosystem dynamics. However,
a growing number of authors have been exploring
the utility of methods such as percolation theory
(Gardner et al. 1987; Turner et al. 1989), fractal
geometry (Krummel et al. 1987; Gardner et al.
1987; Milne 1988), semivariance analysis (Robert-
son 1987; Robertson et al. 1988), autocorrelation
analysis (Ord 1979), cross-correlation analysis (We-
ber et a/.1986), and spectral analysis (Platt and
Dennman 1975; Ord 1979) in identifying the rela-
tionship between ecological pattern and process.
The present paper develops a preliminary frame-
work for employing spectral analysis and au-
tocorrelation analysis in the determination of the
processes producing pattern in ecological systems.
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Typically, ecologists have employed spectral
analysis and autocorrelationanalysisto find hidden
periodicities in the distribution of organisms in
space, or to model population processes that have
a cyclic component. However, these methods have
also been used to good advantage by oceano-
graphers and geologists in the study of patterns of
spatial variability in systems for which the underly-
ing dynamic is not periodic. An essential step in the
application of these techniques isto develop a cata-
logue of the patterns produced by fairly simple
processes. In this paper, we examine two classes of
stochastic model that generate spatial patterns, and
examine the form of those patterns as portrayed by
spectral analysis and autocorrelation analysis. The
study of pattern formation in simple models is a
first step in the interpretation of patterns in nature
(Levin and Segel 1985). However, since quite dif-
ferent models can give rise to similar patterns, the
creation of a catalogue of patterns is only a first
step in this process.

The first model examined in this paper is based
on a simple moving average (MA) process and can
be used to characterize pattern formation in sys-
tems where individual organisms occur in localized
clusters or patches, e.g., clonal plants or plants with
very short dispersal distances, swarms of insects, or
schools of fish. In the MA model, aggregations of
organisms occur in discrete patches; when patches
overlap, local density is determined as the sum of
the densities of the overlapping patches, i.e., the
process of patch formation is additive.

The second model considers patch forming
processes that are non-additive. This is appropriate
when interest centers on a character such as disturb-
ance. In this case the local state of the system is de-
termined only by whether or not the site is within a
patch, and there is no additional effect introduced
through the overlap of multiple patches. There are
many examples of this type of process in the ecolog-
ical literature, most of which derive from systems
structured by disturbances; wherever a disturbance
occurs the system is reset to an early successional
value that is substantially different in structure
from the surrounding undisturbed sites (e.g., see
Levin and Paine (1974) and Paine and Levin (1981)
for an example in marine ecosystems; Hobbs and

Mooney (1985) for serpentine grassland; Reiners
and Lang (1979) for forested ecosystems).

We derive expressions for the autocorrelation
function and power spectrum corresponding to the
two stochastic models investigated and use these
functions to characterize spatial pattern. Initial de-
velopment is in terms of monotypic patch distribu-
tions; in later sections we extend our approach to
analyze the effect of including a mixture of patches
of different size-scales in each model.

Patch formation as a moving average process

The first patch forming process we consider can be
modeled as a moving average (MA) process. The
MA model describes the formation of aggregations
of organisms in one dimension, according to a very
simple rule: patches of organisms are deposited in-
dependently and at random. To simplify our analy-
sisinitially, we will assumethat all patches are iden-
tical in size, which in a one dimensional system
means that they all have the same width.

It is not wholly unrealistic to consider a one
dimensional system in modeling pattern formation,
as ecological studies of pattern are often confined
to one dimension. For example, a commonly em-
ployed sampling design in plant ecology is to deter-
mine plant densities in contiguous quadrats along a
transect (e.g., Greig-Smith 1952; Ripley 1978; Dale
and Maclsaac 1989). Each quadrat then represents
adiscrete sampling unit in a one dimensional series.
A similar one dimensional design has also been used
in oceanographic studies of krill and phytoplank-
ton distributions (Weber et a/. 1986; Levin et al.
1989b).

In modeling a patch forming process as an MA
process, a certain perspective must be adopted:
Although there are necessarily two edges to a patch,
we will consider the first edge of a patch encoun-
tered along a one dimensional transect to be the
point of patch initiation (left edges in Fig. 1).
Patches, since they are all of the same size, have a
width of m + 1 sampling units. The probability
that patch initiation occurs at any point s along a
transect can then be represented by a binomially
distributed random variable, Z, that evaluates to
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Fig. I. Characterization of a one-dimensional MA process in-
volving randomly placed patches of uniform width.

1, if patch initiation occurs, or to 0, if patch initia-
tion does not occur. The impact of patch initiation
at position s on a position i units to the patch side
of s (totheright in Fig. 1)is to change local density
by a factor of 8, (3, = 0 fori < Oand i > m). This
is a direct result of position s * i (i = 0, m) lying
within the patch. Given these definitions, we can
model the patch forming process as:

X, =82y +B82Z;_y + ... +B,Z_,, (1)
where X, is density at point s. Since patch width is
constant at m + 1 units, X, represents the additive
effect of patch initiation events occuring within an
m + lunit wide region of the transect. (An implicit
assumption in Eq. 1 is that the density is O for posi-
tions not affected by a patch, although this can be
easily changed through a modification of the
formula).

In order to calculate the power spectrum of the
patch forming process described by Eq. 1, we center
the system so that X, has a mean value of zero.
Once this is done, let k represent the lag (or dis-
tance) between points in the system. The autocorre-
lation function, p(k), of the patch forming process
is then given by

m—k m
p(k) = < I B,-S,-+k> /< iy B,-2>, @

yielding the discrete power spectrum f(w),

flw) = (1/7) - [1 2 T o) - cos(wk)]., @3)
k=1
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Fig. 2. Power spectra for two MA patch-forming processes. The
plain line represents the spectrum for a process with a patch
width of 4 measurement units and the line connecting solid
squares represents the spectrum for a process with a patch width
of 7 units.

where w is frequency in radians (Chatfield 1984).

In the special case where patches are of uniform
density, we can set all the 8, equal to 1 by rescaling
X,, leading to simplified expressions for the auto-
correlation function

pk) = [m+1_k]/[m*+1]. 2"

and the power spectrum (when Eq. 2° is substituted
into Eqg. 3).

The pattern portrayed by the power spectrum as-
sociated with Eq. 2’ has an interesting relationship
to the underlying patch forming process. Since f(0)
>0, f"(0) = 0(seeEq. 4 below) and f'* (0) < 0, the
first positive minimum of f (w) is the first positive

zero of the derivative:
m

f'(w) = (=2/(x(m+1))) - 111 [k(m—k+1) -

sin(wk)] = 0. 4

This occurs at w = 2x/(m t1), corresponding to a
wavelength of m + 1 units, the patch size (see the
Appendix for aproof of this statement). Therefore,
the characteristic patch size producing pattern in
the system can be recovered as the first minimum of
f(w) on the positive side of the origin, i.e., w > 0
(Fig. 2).
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Thus, for an MA process of uniform density in
one dimension, the power spectrum can be used to
identify exactly the scale of the process that is
producing pattern. This represents a very powerful
technique for linking the scale of a process to the
pattern produced, particularly as the spectrum is
very easy to calculate directly from raw data (see
Chatfield 1984; Press et al. 1986). It should be
pointed out that this technique works because the
process is one dimensional, and does not extend
cleanly to two dimensions, or to systems where the
patches are not of uniform density. We will return
to these problems in a later section.

Patch formation as a non-additive process

The second patch forming process we consider is
patterned after phenomena that are non-additive in
their impact upon ecological systems. For example,
in many situations a site affected by multiple over-
lapping disturbances is indistinguishable from a site
affected by only one disturbance. Like the MA
model, the model for non-additive processes de-
scribes the distribution of patches (e.g., disturb-
ances) in one-dimension, according to a very simple
rule: patches are distributed independently and at
random. As in the first model, all patches are of the
same width, r T 1units; but unlike the MA model
the system has only two states: patch and non-
patch, with densities Q and P, respectively. Again,
the left edge of a patch is considered to be the point
of patch initiation.

The first step in studying the pattern forming
properties of the non-additive process is to derive
the autocorrelation function. The probability that
a patch is initiated at any one point will be denoted
as g, with p = [ —¢ representing the probability
that a patch is not initiated. If the state of the sys-
tem at point s is represented as X,, then the expect-
ed value of X, is given by

EX] = P+ p"™*! + Q-p"+). ©)

The system can be centered by taking new values for
P and Q,

P* = P-E[X] = [P-QI[1-p"*]] ©
Q' = Q-E[X] = [Q-Plp"*. Q)

The probabilities that two points separated by a
lag & < (r+1) are both located in at least one
patch (FQQ(k)), that one point is located in a patch
and the other is not (FQP(k)), and that both points
lie outside of patches (Fpp(k)) are determined as
follows:

Foolk) = [1=pm+1=k + [1-pk2pm+1-k (8)
FPP(k) = [pm+1—k]p2k. (10)

In Eq. 8, the first term on the right of the equality
is the probability that two points separated by a lag
of k are located in the same patch; the second term
is the probability that two points separated by a lag
of k are located in two different patches. Similar
equations apply for the case kK > m + 1, but with
k replaced by m + 1.

Given the previous definitions, the autocovari-
ance function, y(k), for the non-additive process
can be written as

¥(k) = Q2 Fook) T P'Q " Fpplk) T
P '2Fpp(k), 689}

or more simply

'Y(k) - (P/_Q/)Z [pm+1+min(k,m+1) _
p2m+2]. (11/)

This yields the autocorrelation function

'Y(k) B pmin(k,m+1) _ pm+1

" =10 I - pm+l

(12)

The autocorrelation function for the non-
additive process depends on two parameters: patch
size (m * 1) and the probability of patch initiation
(¢). In contrast, the autocorrelation function for
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Fig. 3. Power spectra and autocorrelation relationships for an
MA process and for a non-additive patch-forming process at 5
patch initiation levels, as described in the text. Patches were 7
units wide in all of the processes represented by the figure. A)
Power spectra. B) Autocorrelation relationships.

the MA process is completely defined by one para-
meter, patch size. It is also of interest to note that
the autocorrelation functions for the two processes
are approximately equal when the probability of
patch initiation is low (g = 0), since by L’Hépital’s
Rule

Iim1 p(k) = (m+1-k)/(m+ 1). (13)
p —_—

Thus for the non-additive process, in the limit as
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p = 1,aminimum in the power spectrum is reco-
vered at a frequency corresponding to the patch
size, as inthe MA process; for example, a patch size
of 7 can be recognized as the first minimum in the
spectrum of the non-additive process for values of
g = 0.10 (Fig. 3a). Thus, values for g that allow de-
tection of patch size from the power spectrum
represent low to moderate levels of patch forma-
tion. However, if patch formation is a relatively
common occurrence (g >> 0.10), the autocor-
relation function for the non-additive process drops
off to zero much more rapidly than in the MA
process (Fig. 3b) and the spectrum flattens (Fig.
3a). A flat spectrum is characteristic of a system
dominated by pure white noise and, in the non-
additive process, represents the case where patch
formation is widespread, areas not affected by
patch formation are randomly arrayed in space,
and areas of patch (and non-patch) tend to be ran-
dom in size due to the high probability of patch
overlap.

Mixed patch models

The derivation of models for the MA process and
non-additive process presented previously only
considered patches of uniform size. This assump-
tion is not directly applicable to ecological systems
where patch widths measured by a one-dimensional
transect will vary in size, even if patches are com-
pletely uniform and radially symmetrical. For ex-
ample, in a system characterized by circular dis-
turbances the patch widths measured by a one
dimensional transect will vary in length from the
diameter of the patch at one extreme to a point at
the other. In this section we will extend the models
to consider ecological systems composed of a mix-
ture of patch-types.

Moving average process

The notation used to develop the mixed patch-type
extension of the MA model will be the same as in
the initial derivation, with a few modifications. Let
n equal the number of patch types sampled by a
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transect, with the width characterizing each patch-
type i being equal to m; + 1. The density (Q) with-
in a patch is assumed to be uniform and is the same
regardless of patch type. Also, local density
produced by overlapping patches is assumed to be
additive. A further assumption is that the patch
types are distributed at random and independently
of one another.

An MA model characterizing the system can be
written as follows:

m;
B, Z

y Zits—jy (14)

1 j=0
Z, represents the state of a binomially distributed
random variable at point s that is associated with
the initiation of patches of type i and takes on
values of 1 or O with a probability of {; and 1-¢,,
respectively. A patch of type i is initiated at any
point s where Z,. = 1. Furthermore, the variance
of Z,. will be given by ¢2. As in the original analy-
sis we will set all the 3;; terms in Eq. 14equal to 1.
Since the distribution of patch types is independent,
the variance of X, is given by

n

Var(X) = I1 o2 [m+1]. (15)
=1

1=

From the above considerations it follows directly
that the generalized autocorrelation function at lag
k for the mixed patch-type MA model is given by

¥ oflm;+1 —min(k, m; +1)]
i=1
k) = (16)
II o?[m;+1]
i=1

This function and the corresponding function for
the power spectrum require patch size and variance
of patch initiation for each patch type as
parameters, whereas only patch size was necessary
to parameterize the simpler one patch-type model.
As a consequence, the simple relationship found in
the original analysis, a minimum in the power spec-
trum at a frequency corresponding to the patch
width, does not necessarily present itself in the
mixed patch-type model.

We have analyzed a mixed patch-type MA
process using a simulation that places patches of
more than one size at random along a one dimen-
sional transect. Positions along the transect not af-
fected by a patch were given a value of zero; posi-
tions affected by one patch were given a value of
one; positions affected by two patches were given a
value of two; etc. After each model run, the result-
ing data transects were centered before analysis. In
the simplest case, two patch types — one three units
wide and the other five units wide — were entered
into simulations at varying frequencies to deter-
mine the effect on the resulting autocorrelation
function and spectrum (Fig. 4). The two extreme
cases, which involved only one of the two patch
types in the patch forming process, were used as a
reference. The power spectra for the mixed patch
processes were all intermediate between the spectra
of the two extreme cases (Fig. 4a). The particular
shape of the spectral curve depends upon the rela-
tive frequency of the two patch types in the system.
If the system is dominated by a patch type of size
5 then the power spectrum shows a first minimum
corresponding closely to the first minimum for a
pure patch type 5 process (Fig. 4a). For a system
dominated by a patch type of size 3 it is more
difficult to determine the patch type dominating the
system. In the latter case, the first harmonic for
patch type 5 — located at a frequency of 0.4 —
dominates the system and draws the first minimum
in the power spectrum towards a higher frequency
(Fig. 4a). This leads to an underestimation of the
width of the patch-type dominating the system.

The underlying structure of the mixed patch-type
model is perhaps easier to interpret through the au-
tocorrelation function (Fig. 4b). The size of patch
types can be identified, since the slope of the au-
tocorrelation function changes only at lags cor-
responding to the width of patch types producing
pattern; the slope, which is negative, becomes less
negative as the autocorrelation relationship at-
tributable to each patch type cuts off. Furthermore,
it is possible to determine the proportion of the var-
iance in the system attributable to initiation events
for each patch type by analyzing the change in slope
of the autocorrelation function:
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Fig. 4. Autocorrelation relationships and power spectra for a
mixed patch-type MA process with varying proportions of size
3 and size 5 patches, as determined through analysis of a simple
one-dimensional simulation model (see text regarding methods
used in running the simulation). A) Power spectra. B) Auto-
correlation relationships.

of = Var(X)lo(m;+2) + p(m;) —
2p(m,~+ 1)]’ (17)

with total variance attributable to a patch of type i
being equal to ¢(m;+1). Thus, the autocorrela-
tion function for a mixed patch-type MA process
provides direct information regarding both the size
of patches occurring within the system and the vari-
ance attributable to each patch type. In fact, the
distribution of patch sizes can be determined exact-
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ly through additional analysis of the variance rela-
tionship in Eq. 17, but only if patch initiation is a
binomial process, patch formation is additive, and
patches are of uniform density. These restrictions
are rarely met in ecological systems. However, as
shown below, useful information regarding the dis-
tribution of patch sizes in more complex systems
can still be obtained from the autocorrelation rela-
tionship.

Non-additive processes

As inthe MA model, a few minor changes in nota-
tion are necessary to modify the model for the non-
additive process to allow a mixture of patch types.
Let g, represent the probability that a patch of type
1is initiated at a point and let p; represent the prob-
ability that it is not initiated. As in the MA model,
the width characterizing a particular patch type is
defined to be m;, + 1. It can then be easily shown
that Equations 8 through 10 become

n
F k) = [1— 1I p_m,+1*min(k, mi+1)] +
00 i P (18)

n n .
[1- II pmintem+Dp I pim,-+ 1 —min(k,
i=1 ! i=l m+1)

n
FQP(k) = 2. [ i]_:_Il pim,-+ 1~ min(k,m; + 1)]

ﬁ pimin(k,mi+ 1) (19)

[1__ ﬁ p_min(k,mi+l)]
i=1 ! i=1

n
Fpplk) = [ ,'I__-Il pl_mi+1—m1n(k,mi+1)]
(20)
p'Zmin(k,mia— 1)
7

N s

i=1

which yields the autocorrelation function

n n
ink,m;+ 1) _ 1
I pl_mm( m;+1) H pl_m

i=1 i=1

_ )
v(0)

p(k)

._.
|
[l RN

pit] Q1)

=1
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Fig. 5. Autocorrelation functions for a mixed-patch-type non-additive process with patches of size 3 and size 5 varying in relative propor-
tion of occurrence and in probability of patch initiation. The shape of the functions was determined using Eq. 21 from the text. A)
Ten disturbances initiated per 1000sites. B) One hundred disturbances initiated per 1000sites. C) Five hundred disturbances initiated

per 1000 sites. D) Nine hundred disturbances initiated per 1000 sites.

As in the MA mixed patch-type model, the non-
additive model requires two parameters for each
patch type to specify the autocorrelation function
and the spectrum: patch size and the probability of
patch initiation.

The shape of the autocorrelation curves for
different mixtures of size 3 and size 5 patches are
similar to those produced by the M A mixed patch-
type process if the probability of a patch being in-
itiated is low (cf., Figs. 5a and b with Fig. 4b).
However, the correspondence breaks down at
higher patch densities (cf., Figs. 5¢ and d with Fig.
4b). Thisresult is similar to the result found in com-
paring the simple one-patch-type non-additive
process with the simple MA process. At low densi-
ties the non-additive process looks like the MA

process since there is little overlap among patches.
At higher densities there is a high degree of overlap
and information as to the underlying process is
erased due to the non-additivity of patches.

Discussion

We have shown that autocorrelation analysis and
spectral analysis can be used to gain insight into the
size scale of critical processes contributing to pat-
tern formation in ecological systems, at least for
very simple systems. With pattern forming process-
es occurring at only one size scale, the power spec-
trum identifies the scale of the process as cor-
responding exactly with the local minimum in the



power spectrum that occurs at the lowest spectral
frequency. This relationship always holds true if
the patch forming process is strictly additive, as in
the MA model, or if there is a low probability of
patch overlap in a non-additive process. These
cases are rather restrictive and should be viewed as
a starting point for understanding the use of spec-
tral analysis and autocorrelation analysis in inter-
preting more complicated, but realistic, ecological
patterns.

Autocorrelation analysis may yield more im-
mediate insight into the size scale of processes
producing pattern than does spectral analysis, par-
ticularly if the pattern-forming processes are occur-
ring at more than one size scale. For an MA
process, the slope of the autocorrelation function
changes at each size scale associated with the size
scale of a pattern-forming process operating in the
system; in fact, the amount of variance in the sys-
tem attributable to patches formed at different size
scales is proportional to the change in the slope of
the autocorrelation function at that scale. This in-
formation can be used to determine the relative im-
portance of patches of varying size in producing
pattern. Again, the situation is more complex for
systems in which the processes do not act additive-
ly. For example, in the non-additive model consi-
dered by this paper the pattern appears to be totally
random if patch formation is extensive. As the
probability of overlap among patches increases, in-
formation regarding the critical size scales of the
process is erased, the spectrum flattens to a
horizontal line, and the autocorrelation function
approaches a value of zero at all non-zero lags.
However, unless patch formation is extensive, a
non-additive process looks very much like an MA
process. Therefore, in most realistic situations
some information regarding the scale of the dynam-
ics producing pattern will be revealed through auto-
correlation analysis.

Variation in the apparent size-scale of pattern
forming processes, as characterized by the auto-
correlation function and the spectrum, may arise
through a variety of mechanisms: (i) occurrence of
patch forming processes at more than one size
scale; (ii) stochastic variation in the size of the patch
forming process; (iii) analysis of a two dimensional
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patch-forming process of fixed shape by use of a
one dimensional analytical technique; (iv) negative
or positive autocorrelation among patch-forming
processes; and (v) non-uniform density within in-
dividual patches. Although we have only investigat-
ed item (i) explicitly in this paper, items (ii) and (iii)
can be treated as special cases of item (i), given the
proper perspective. In contrast, the introduction of
an among-patch correlation structure or within-
patch variation in density will require the develop-
ment of a more sophisticated class of probability
models to explore the relationships among the au-
tocorrelation function, the power spectrum, and
the processes producing pattern. It will be very im-
portant to determine which of these potential forms
of variation are operating when one interprets pat-
tern formation in natural ecosystems. This can only
be done through on-site inspection and direct ex-
perimentation. However, the techniques developed
here can act as a guide to suggest the appropriate
range of scales to explore in characterizing the dy-
namics producing an observed pattern.

In studying pattern forming processes in ecologi-
cal systems, two-dimensional analyses of the spec-
tral and autocorrelation relationships might be
more appropriate than the one-dimensional anal-
yses outlined here, particularly if the processes
producing pattern are spatially anisotropic. Two-
dimensional analyses are easily performed using
two-dimensional Fourier transforms. However,
derivinganalytically tractable probability modelsin
two dimensions will not be as simplea task, making
an exploration of the relationships coupling pattern
to process more difficult in two dimensions than in
one.

The approach taken in this paper has been to de-
velop simple probabilistic models that produce pat-
tern in a one-dimensional space and then explore
the utility of autocorrelation analysis and spectral
analysis in interpreting the nature of these process-
es. By extending our approach to include more
complexsituations, one can developa very sophisti-
cated set of tools (or adapt them directly from the
extensive time-series analysis literature) for inter-
preting pattern in natural ecosystems. Indeed, a
protocol for developing a deeper understanding of
the processes giving rise to pattern in natural
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ecosystems might include the following steps: (1)
estimate the power spectrum and autocorrelation
function of the pattern occurring in a natural
ecosystem; (2) determine the range of size scales
potentially involved in producing the pattern; (3)
conduct experimental studies and field studies at
the appropriate scalesto understand system dynam-
ics; (4) construct a spatially explicit model of the
system, incorporating the findings obtained in step
3 (see Levin et al. 1989a; Moloney et al., in press);
(5)analyze the pattern produced by the model as in
step 1or derive the autocorrelation functionanalyt-
ically from the model specification: (6) compare the
estimated spectrum and autocorrelation function
of the natural ecosystem with those of the model
system; and (7) determine if the model description
is adequate, if not return to step 3. The ability to de-
termine the relationship between pattern and sys-
tem dynamics will be greatly improved as pattern
formation in more sophisticated models and more
complex ecosystems is analyzed through an in-
tegrated approach such as the one outlined above.

Clearly, pattern analysis alone cannot be used to
determine a causal link between pattern and
process, as a number of unrelated mechanisms can
potentially yield the same pattern. However, pat-
tern analysis can play a critical role in an integrated
research program exploring the relationship be-
tween pattern and process.
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Appendix |

The following provides a proof of the conjecture that the first
minimum of the power spectrum for the simple MA process
described in the text is the first positive zero (w > 0) of the
derivative f’(w) (Eq. 4 of the text) and that the first minimum
occursat w = 2«/(m+ 1), corresponding to the patch size of the
underlying MA process:

Let C, = k *(m +1-k). The coefficients C, arc then sym-
metrical about k = (m+1)/2; that is C, = C,,, _,. If mis
even, then Eq. 4 of the text is equivalent to

m/2
II C, - [sin(ex) + sin(w(m+1-x))] = 0 (1a)
=1

if m is odd, since C, 41y, = [(MF1)/2]2, Eq. 4 in the text is
equivalent to
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m—-1)/2
[m+ 1)/22 - sinfof(m + /2] + Y
x=1
sinfw(m+1-x))] = 0. (2a)

C, - Isin(wx) +

Rearranging terms in equations (la) and (2a), and using the
fact that 2 - sin(w[(m T1)/2)) * coslw(m + 1-2x)/2] = sin(wx)
+ sin(w(m +1—x)), we find that, for m even,

m/2
sin(e[(m+1)/2)) « II C, + coslw(m+1-2x)/2] = 0,
x=1 (1a")
and, for m odd,
(m-1)/2
sin(wl(m+1)72]) » [dm+1)22 +2- ¥ C, -
x=1
cosfw(m t1-2x)/21] = 0. (2a’)
For future reference. we will set
m/2
G(w) = Hl C, - coslwim + 1-2x)/2]. (3a)
X=

The lowest, non-trivial frequency associated with the condi-
tion sin(w{(m +1)/2]) = 0occurs atw = 2« / (m+ 1); this cor-
responds to a wavelength of m * 1, the patch size of the MA
process. The latter result proves that the patch size generating
the moving average process in Eq. 3 of the text is recovered in
the power spectrum as either a minimum or a maximum. It re-
mains to be shown that it is the first minimum; to this end it
suffices to show that G(w) is positive on (0, 27 / (m 1))

For m/2 even, G(w) may be rewritten as

m/4
Gy = II [C »cosfwimt1-2x)/2] + (m/2+1-x) -
1

x+ cosfw(x—1/2)]] (4a)

m/4
= II Hyuw
x=1

and, for m/2 odd, G(w) may be rewritten as

Glw) = [(m+2)/4 + 3m+2)/4] cos(wm/4) +
m/4
II Hw). (52)
x=1

The first term in (5a) is positive and decreasing over the inter-
val in question. Furthermore, in either (4a) or (5a) we may re-
write H,(w) as
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H,(w) = C, * cos[w(m+1-2x)/2] * [(m*+2m)/4 +
x(1 - x)lcos[w(2x— 11/21 (62)

Since X = m/4, the second coefficient above always exceeds
the first. Furthermore, cos[w(2x—1)/2] is positive (because
w@x-1)/2 = Rem/2-DV/Rm+1)] < =n/2), whereas
cos[w(m +1 ~2x)/2] js negative. Therefore, to show H, (w) > 0
on the interval, it suffices to show that cos[w(2x—-1)/2] +
cos[w(m + 1 —2x)/2] > 0. Since the first angle is in the first

quadrant and the second angle is in the second quadrant, H, (w)
> Oif

©w@x=1)/2 <71 — wm+1-2x)/2, (7a)

which must be the case asw < 2« / (m+ 1). Sinceevery H, (w)
is positive, so is G(w). Therefore, 2« / (m + 1) is the first positive
minimum as claimed and corresponds to the characteristic width
of the patches making up the MA process.



ERRATUM

Re: Kirk A. Moloney, Antoine Morin and Simon A. Levin, Interpreting ecological patterns generated
through simple stochastic processes. (Landscape Ecology volume 5 no. 3, pages 163—174, 1991)

Due to mistakes made by the publishers, there are a number of errors in the final printed version of the
above-mentioned article. It concerns the following equations: 2, 3, 4, 14, 15, 16 and in the Appendix no.
la, la', 3a, 4a and 5a. Underneath we give the correct equations with their numbers and the page on which
they have been printed.

p. 165 p. 173
m—k m 5 m/a
olk) = < ,-EO B iﬂ”") / < ,-EO bi )’ ) El C, * [sin(x) + sin((m+1-x)] = 0; (12)
X=
m m/2
f(w) = (1/7) - [1 +2 % pk) - cos(wk)], 3) sin(l(m+1)72]) + £ C, + coslw(m+1—-2x)/2] = 0,
k=1 x=1 (lal)
, m m/2
(@) = (=2/(x(m +1))) - 21 [k(m —k+1) - G(w) = El C, * coslw(m+1~2x)/2). (3a)
X=
sin(wk)] = 0. 4)
p. 168 m/4
Gw) = El [C, + cos [wim+1-2x)/2] + (M/2+1-x) -
X=
n m;
Xs = iE] JE() BU Zi(s—j)' (14) X+ cosfw(x— 1/2)1] (4a)
m/4
n = E H )
Var(X) = X o2 [m;+1]. 15) x=1 A
i=1
n G(w) = [(m12)/4 -+ (3m*2)/4] cos(wm/4) +
L oflm;+1—min(k, m;+1)] m/4
i=1
o(k) = - 16) x§1 H (). (5a)

T ofm+1]
=1

i=





